A Gelfand-type duality for coarse metric spaces with property A by Braga, Bruno de Mendonça & Vignati, Alessandro
ar
X
iv
:2
00
7.
10
49
9v
1 
 [m
ath
.O
A]
  2
0 J
ul 
20
20
A GELFAND-TYPE DUALITY FOR COARSE METRIC
SPACES WITH PROPERTY A
BRUNO M. BRAGA AND ALESSANDRO VIGNATI
Abstract. We prove the following two results for a given uniformly
locally finite metric space with Yu’s property A:
1. The group of outer automorphisms of its uniform Roe algebra is
isomorphic to its group of bijective coarse equivalences modulo
closeness.
2. The group of outer automorphisms of its Roe algebra is isomorphic
to its group of coarse equivalences modulo closeness.
The main difficulty lies in the latter. To prove that, we obtain several
uniform approximability results for maps between Roe algebras and use
them to obtain a theorem about the ‘uniqueness’ of Cartan masas of Roe
algebras. We finish the paper with several applications of the results
above to concrete metric spaces.
1. Introduction
Given the class of metric spaces, consider the following three kinds of
morphisms: (1) homeomorphisms — maps preserving the topological struc-
ture —, (2) coarse equivalences — maps preserving the large-scale geometry
— and (3) bijective coarse equivalences. In short, coarse equivalences uni-
formly send close points to close points, far points to far points, and have
large image in their codomain. Although, the set of homeomorphisms of
a metric space forms a group under composition, this is not the case for
coarse equivalences. Indeed, coarse equivalences need to be neither injective
nor surjective. However, the set of coarse equivalences on a metric space
(X, d) becomes a group after identifing coarse equivalences which are close
to each other (see Definition 2.2). We denote by Coa(X) the group of all
coarse equivalences of X modulo the closeness relation and by BijCoa(X)
the group of all bijective coarse equivalences of X modulo closeness (we refer
the reader to §2 for details).
In case X is locally compact, homeomorphisms correspond, thanks to
Gelfand’s transform, to automorphisms of the C∗-algebra of continuous func-
tions on X vanishing at infinity, C0(X). The goal of this paper is to give an
operator algebraic characterisation of the groups Coa(X) and BijCoa(X), at
least when dealing with metric spaces carrying certain regularity properties.
The objects apt to this coarse Gelfand-type correspondance are Roe-type
C∗-algebras. These C∗-algebras were introduced by Roe in [16] for their
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connections to (higher) index theory and the associated applications to man-
ifold topology and geometry ([17]). The Roe algebra and its uniform version
were studied precisely to detect C∗-algebraically the large-scale geometric
behaviour of metric spaces. Their study was boosted due to their intrin-
sic relation with the coarse Baum-Connes conjecture and consequently with
the coarse Novikov conjecture ([25]). Recently, Roe-type algebras and their
K-theory have been used as a framework in mathematical physics to study
the classification of topological phases and the topology of quantum systems
([10, 12]).
We now describe our main results. Given a metric space (X, d) and a
Hilbert space H, ℓ2(X,H) denotes the Hilbert space of square summable
H-valued functions on X. Operators in B(ℓ2(X,H)) can be seen as X ×X-
matrices whose entries are in B(H). Given an operator a = (axy)x,y∈X in
B(ℓ2(X,H)), we define its propagation as the quantity
prop(a) = sup{d(x, y) | axy 6= 0}.
If H is separable and infinite dimensional, the C∗-algebra of band-dominated
operators of (X, d), denoted by BD(X), is the norm closure of the ∗-algebra
of finite propagation operators. If in addition we demand for each entry axy
to be compact, we obtain the Roe algebra of X, C∗(X). Finally, if H = C,
the uniform Roe algebra of X, C∗u(X), is defined once again as the norm
closure of the ∗-algebra of finite propagation operators on ℓ2(X) = ℓ2(X,C)
(see §1 for more details on those definitions).
Let us first focus on the case of BijCoa(X). A bijection of X induces an
automorphism of C∗u(X) in a canonical way and two bijections are close if
and only if the associated isomorphisms are unitarily equivalent in C∗u(X)
(see §2.2). Therefore we have a well defined canonical group monomorphism
from BijCoa(X) into Out(C∗u(X)), the latter being the group of outer auto-
morphisms of C∗u(X), i.e.,
Out(C∗u(X)) = Aut(C
∗
u(X))/Inn(C
∗
u(X)).
Problem A (Gelfand-type duality for bijective coarse equivalences). Let X
be a uniformly locally finite metric space. Is the canonical homomorphism
BijCoa(X)→ Out(C∗u(X))
a group isomorphism?
The work of White and Willett on uniqueness of Cartan masas in uniform
Roe algebras in presence of Yu’s property A can be used to give a positive
answer to Problem A (again in the presence of property A). The following,
proven as Theorem 2.4, is a consequence of [23, Theorem E]:
Theorem A. Let (X, d) be a uniformly locally finite metric space with
property A. The canonical homomorphism
BijCoa(X)→ Out(C∗u(X))
is a group isomorphism.
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Theorem A gives an alternative way to compute the outer automorphisms
of a uniform Roe algebra. As a simple application, it can be used to show
that all automorphisms of C∗u(N) are inner and that Out(C
∗
u(Z))
∼= Z2 (see
Corollary 6.3).
Let us now focus on the case of coarse equivalences. Although coarse
equivalences do not induce uniform Roe algebra isomorphisms (for instance,
all finite metric spaces are coarsely equivalent, but, if X and Y are finite,
C∗u(X) and C
∗
u(Y ) are isomorphic if and only if |X| = |Y |), they do induce
isomorphisms between Roe algebras. If X is a uniformly locally finite metric
space, assigning an element of Aut(C∗(X)) to a coarse equivalence of X is
highly non-canonical (see §2.2). Such assignment becomes canonical when
considered as a map from Coa(X) to Aut(C∗(X)) modulo Inn(BD(X)) —
notice that there are a couple of hidden claims in here: (1) we are allowed to
mod out our maps and (2) Inn(BD(X)) is a normal subgroup of Aut(C∗(X))
(the latter follows since we prove that BD(X) is the multiplier algebra of
C∗(X), see Theorem 4.1). We form the outer automorphisms group of C∗(X)
by letting
Out(C∗(X)) = Aut(C∗(X))/Inn(BD(X)).
Problem B (Gelfand-type duality for coarse equivalences). Let X be a
uniformly locally finite metric space. Is the canonical homomorphism
Coa(X)→ Out(C∗(X))
a group isomorphism?
We give a positive answer to Problem B above in the case of property A.
This is proven as Theorem 5.12.
Theorem B. Let (X, d) be a uniformly locally finite metric space with
property A. The canonical homomorphism
Coa(X)→ Out(C∗(X))
is a group isomorphism.
Computing Coa(X) is in general a very difficult task, even for a simple
space such as Z. However, using results present in the literature, Theorem
B gives us some interesting applications. For instance, Out(C∗(Z)) contains
isomorphic copies of Thompson’s F group and of the free group of rank
continuum (see Corollary 6.6). Using results of Eskin, Fisher and Whyte
([9]), and of Farb and Mosher ([11]), we obtain a complete computation
of Out(C∗(X)) for solvable Baumslag-Solitar groups, and for lamplighter
graphs F ≀ Z, where F is a finite group (see Corollaries 6.8 and 6.9).
For our main results (Theorem A and B), we assume Yu’s property A.
This is one of the best known regularity properties in the setting of coarse
spaces. It is equivalent to many algebraic and geometric properties such as
the existence of noncompact ghost operators in C∗u(X) ([18, Theorem 1.3]),
nuclearity of C∗u(X) ([6, Theorem 5.5.7]), and the operator norm localisation
property, ONL ([19, Theorem 4.1]) — the latter is in fact the formulation of
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property A we use in our proofs. Property A is fairly broad: for example,
all finitely-generated exact groups have property A (more precisely, their
Cayley graphs, when endowed with the shortest path metric, have property
A). In particular, this includes the classes of linear groups, groups with finite
asymptotic dimension and amenable groups.
A key step in the proof of Theorem B is to show ‘uniqueness of Cartan
masas’ in Roe algebras, generalising [23, Theorem E] to the Roe algebra
scenario. In the case of uniform Roe algebras, the canonical Cartan masa
of C∗u(X) is ℓ∞(X). In C
∗(X), there are many canonical Cartan masas
which depend on the choice of an orthonormal basis of H. Precisely, if
ξ¯ = (ξn)n is an orthonormal basis of H, we obtain a Cartan masa of C
∗(X)
by considering all operators a ∈ B(ℓ2(X,H)) such that for all x ∈ X there
is (λn)n ∈ c0 for which a(δx ⊗ ξn) = λn(δx ⊗ ξn) for all n ∈ N. This masa is
isomorphic to ℓ∞(c0) and we denote it by ℓ∞(X, ξ¯).
Theorem C. Let X be a uniformly locally finite metric space with property
A, and ξ¯ and ζ¯ be orthonormal basis of the separable Hilbert space H. If
Φ ∈ Aut(C∗(X)), then there is a unitary v ∈ BD(X) such that
Ad(v) ◦ Φ(ℓ∞(X, ξ¯)) = ℓ∞(X, ζ¯).
Theorem C is proven below as Theorem 5.10. We point out that this result
is actually stronger: the unitary v ∈ BD(X) is chosen so that Ad(v) ◦ Φ :
C∗(X) → C∗(X) respects the coarse geometry of X is a very strong sense
(see Definition 3.1 and Theorem 5.10 for details).
To prove Theorem C, and consequently Theorem B, we state and prove
uniform approximability results for Roe algebras. These results ensure that
certain maps between Roe algebras respect in some sense the coarse ge-
ometry of the metric spaces. The concept of uniform approximability was
introduced in [3], and then further developed in [5] and [4], for maps be-
tween uniform Roe algebras. These tools were already applied for a better
understanding of uniform Roe algebras (e.g., [13, 23]), and we believe our
generalisations can be key for a further development of the theory of Roe
algebras.
The paper is structured as follows: §2 contains preliminaries and sets the
notation. Our uniform approximability results are proven in §3, and applied
in §4 and §5, where our main theorems are proved. §6 is dedicated to some
applications.
2. Notation and preliminaries
If H is a Hilbert space, B(H) denotes the space of bounded operators on
H and K(H) its ideal of compact operators. We denote the identity of B(H)
by 1H . Given a set X, we denote by ℓ2(X,H) the Hilbert space of square
summable functions X → H. If x ∈ X and η ∈ H, δx ⊗ η is the function
that sends x to η and all other elements of X to 0. Elements in B(ℓ2(X,H))
can be viewed as (bounded) X×X matrices where each entry is an operator
A GELFAND-TYPE DUALITY FOR COARSE METRIC SPACES 5
in B(H). With this identification, given a ∈ B(ℓ2(X,H)), and x, y ∈ X, we
denote by axy the operator in B(H) determined by
〈axyξ, η〉 = 〈a(δx ⊗ ξ), δy ⊗ η〉, for all ξ, η ∈ H.
Multiplication in B(ℓ2(X,H)) corresponds to matrix multiplication, that is
(ab)xy =
∑
z∈X
axzbzy.
We make the following abuse of notation throughout these notes: given a
metric space X and a Hilbert space H, we write χC to denote both
1. the projection in ℓ∞(X) ⊂ B(ℓ2(X)) defined by χCδx = δx if x ∈ C
and χCδx = 0 if x 6∈ C, and
2. the projection in ℓ∞(X,B(H)) defined by χCδx ⊗ ξ = δx ⊗ ξ if x ∈ C
and χCδx ⊗ ξ = 0 if x 6∈ C.
If χC denotes a projection in ℓ∞(X), when considering elements of B(ℓ2(X,H)),
χC will always be accompanied by an operator on H — for instance: χC⊗p,
where p ∈ B(H). Given a ∈ B(ℓ2(X,H)) and x, y ∈ X, the operator axy
can be identified with the standard restriction of χ{x}aχ{y} to an operator
in B(H).
Let (X, d) be a metric space. For a ∈ B(ℓ2(X,H)), the support of a is
defined by supp(a) = {(x, y) ∈ X2 | axy 6= 0} and its propagation by
prop(a) = sup{d(x, y) | (x, y) ∈ supp(a)}.
If H is infinite-dimensional and separable, we construct the band-dominated
algebra of X, denoted BD(X), by letting
BD(X) = {a ∈ B(ℓ2(X,H)) | prop(a) is finite}.
The Roe algebra is the ideal of BD(X) given by locally compact operators
i.e., axy is compact for all x, y ∈ X. So
C∗(X) = {a ∈ BD(X) | ∀x, y ∈ X, axy ∈ K(H)}.
If H = C, all band-dominated operators are locally compact, as K(H) =
B(H). In this case, the algebra of band-dominated operators is called the
uniform Roe algebra of X and denoted by C∗u(X).
The algebra C∗(X) is not unital, but it has a well-behaved approximate
identity if X is uniformly locally finite. A metric space (X, d) is uniformly
locally finite (u.l.f.) if
sup
x∈X
|Br(x)| <∞ for all r > 0,
where |Br(x)| denotes the cardinality of the closed ball of radius r centered at
x. Let (pj)j be a sequence of finite rank projections on H which converges to
the identity 1H in the strong operator topology. Given a function f : X → N,
let
qf = SOT-
∑
x∈X
χ{x} ⊗ pf(x).
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Each qf is in C
∗(X), and qf ≤ qg if and only if for all x ∈ X we have
f(x) ≤ g(x).
Proposition 2.1. Let X be u.l.f. metric space. The net {qf | f : X → N}
is an approximate identity for C∗(X) consisting of projections.
Proof. Pick a ∈ C∗(X) with prop(a) ≤ r, and let ε > 0. Since X is u.l.f.
and r is fixed, we can find a0 and a1 in C
∗(X) with propagation at most r
and finite sets An ⊆ X, for n ∈ N, such that
• a = a0 + a1,
• supp(a0) ∩ supp(a1) = ∅,
• a0 =
∑
n χA2na0χA2n and a1 =
∑
n χA2n+1a1χA2n+1 , and
• if |i− j| ≥ 2 then Ai ∩Aj = ∅.
Since each Ai is finite and each entry of χA2ia0 is compact, there is a sequence
of natural numbers (n(i))i such that∥∥(χA2i ⊗ pn(i))a0 − χA2ia0
∥∥ < ε
for all i ∈ N. Define f0 : X → N by letting f0(x) = n(i) if x ∈ A2i, and
f0(x) = 0 elsewhere. Then ‖qf0a0 − a0‖ < ε. Notice that if f0 ≤ f , then
qfqf0 = gf0 , hence
‖qfa0 − a0‖ ≤ ‖qfa0 − qfqf0a0‖+ ‖qfqf0a0 − a0‖ ≤ 2ε.
Once can analogously define f1 : X → X such that ‖qf1a1 − a1‖ < ε. Then
‖qga− a‖ ≤ 4ε for all g : X → N with g ≥ max{f0, f1}. Since ε was
arbitrary, we are done. 
By its definition, the Roe algebra C∗(X) is an essential ideal in BD(X),
hence BD(X) ⊆ M(C∗(X)) (e.g. [1, II.7.3.5]). We will prove this is an
equality in Theorem 4.1.
2.1. Coarse geometry. In the setting of coarse geometry, the correspon-
dent of homeomorphisms are those maps which preserve large-scale geome-
try. This is a crucial definition we will be using in the whole paper.
Definition 2.2. Let (X, d) and (Y, ∂) be metric spaces, and let f and g be
functions X → Y . The map f called coarse if for all r > 0 there is s > 0 so
that
d(x, y) < r implies ∂(f(x), f(y)) < s.
We say that f and g are close if
sup
x
∂(f(x), g(x)) <∞.
The map f is called a coarse equivalence if it is coarse and there exists a
coarse map h : Y → X so that f ◦ h and h ◦ f are close to IdY and IdX ,
respectively.
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Notice that a coarse equivalence f : X → Y is automatically cobounded,
i.e., supy∈Y ∂(y, f(X)) <∞.
Throughout the paper, every time X and Y are metric spaces, we will
assume with no further notice that d and ∂ are the metrics of X and Y ,
respectively.
2.2. The canonical maps. We now present the construction of the canon-
ical map associating an automorphisms of C∗u(X) to a bijective coarse equiv-
alence of X. We then prove Theorem A. Finally we associate an automor-
phism of C∗(X) to a coarse equivalence of X. Although such association
is highly noncanonical we prove that it becomes such when Aut(C∗(X)) is
replaced by Out(C∗(X)).
Let f : X → X be a bijective coarse equivalence. Consider the unitary
vf ∈ B(ℓ2(X)) given by vf δx = δf(x) for all x ∈ X. Since f and its inverse
are coarse, Ad(vf ) is an automorphism of C
∗
u(X). If f and g are bijections,
then vf◦g = vfvg and vf−1 = v
∗
f . Moreover, vf ∈ C
∗
u(X) if and only if f is
close to the identity; this gives an injective homomorphism BijCoa(X) →
Out(C∗u(X)). The proof of Theorem A amounts then to show surjectivity
in case property A is assumed. To do so, we recall the work of White and
Willett, who proved uniqueness of Cartan masas in uniform Roe algebras
for property A spaces. We slightly restate their result.
Theorem 2.3 (Theorem E of [23]). Let X be a u.l.f. metric space with
property A. Let Φ ∈ Aut(C∗u(X)). Then there is a unitary u ∈ C
∗
u(X) such
that Ad(u) ◦ Φ(ℓ∞(X)) = ℓ∞(X).
We restate Theorem A for convenience.
Theorem 2.4. Let X be a u.l.f. metric space with property A. The canonical
map
BijCoa(X)→ Out(C∗u(X))
is a group isomorphism.
Proof. If Φ ∈ Aut(C∗u(X)), then Theorem 2.3 gives a unitary u ∈ C
∗
u(X)
so that Ψ = Ad(u) ◦ Φ is an automorphism of C∗u(X) which takes ℓ∞(X)
to itself. As every automorphism of C∗u(X) is implemented by a unitary
in B(ℓ2(X)) (see [21, Lemma 3.1]), let v be this unitary, i.e., Ψ = Ad(v).
As vℓ∞(X)v∗ = ℓ∞(X), then there is a bijection f : X → X and a family
(λx)x∈X in the unit circle of C so that vδx = λxδf(x) for all x ∈ X (see
[3, Lemma 8.10] for a proof of that). Hence, Ad(vf ) equals Ψ modulo
Inn(C∗u(X)), which in turn, as u ∈ C
∗
u(X), equals Φ modulo Inn(C
∗
u(X)). 
We now present a map which associates to a coarse equivalence of X an
automorphism of C∗(X). This construction is well known to specialists but,
as we use its specifics in the proof of Theorem B, we give its details in full.
Fix metric spaces X and Y , two orthonormal bases of H, ξ¯ = (ξn)n and
ζ¯ = (ζn)n, and let f : X → Y be a coarse equivalence. Let Y0 = f [X]. For
each y ∈ Y0, pick xy ∈ X such that f(xy) = y, and let X0 = {xy | y ∈ Y0}.
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Since f is a coarse equivalence, X0 and Y0 are cobounded in X and Y ,
respectively. By the last statement, we can pick sequences of disjoint finite
sets (Xx)x∈X0 and (Y
y)y∈Y0 , and r0 > 0, so that
1. X =
⊔
x∈X0
Xx and Y =
⊔
x∈Y0
Y y,
2. x ∈ Xx and diam(Xx) ≤ r0 for all x ∈ X0, and
3. y ∈ Y y and diam(Y y) ≤ r0 for all all y ∈ Y0.
For each x ∈ X0, pick a bijection
gx : X
x × N→ Y f(x) × N.
Define
g =
⋃
x∈X0
gx.
So g is a bijection between X × N and Y × N. Let g1 : X × N → Y and
g2 : X ×N→ N be the compositions of g with the projections onto the first
and second coordinates, respectively. If x ∈ X, we write g1(x,N) for the set
{g1(x, n) | n ∈ N}.
Define a unitary u = ug : ℓ2(X,H)→ ℓ2(Y,H) by
uδx ⊗ ξn = δg1(x,n) ⊗ ζg2(x,n)
for all (x, n) ∈ X × N. For a ∈ B(ℓ2(X,H)), define Ψ: B(ℓ2(X,H)) →
B(ℓ2(Y,H)) by
Ψ(a) = uau∗.
Notice that Ψ maps locally compact elements to locally compact elements.
We intend to show that the image of C∗(X) is in C∗(Y ).
Claim 2.5. If a has finite propagation so does Ψ(a).
Proof. Fix r > 0 and pick s′ such that if d(z, z′) ≤ r+2r0 then ∂(f(z), f(z
′)) ≤
s′ whenever z and z′ are in X. This exists as f is coarse.
Suppose now that x and x′ are elements of X with d(x, x′) ≤ r. Let y
and y′ be such that y ∈ g1(x,N) and y
′ ∈ g1(x
′,N). Pick z and z′ such that
x ∈ Xz and x′ ∈ Xz
′
. Notice that y ∈ Y f(z) and y′ ∈ Y f(z
′). Since f is
coarse and the diameter of each Xz is bounded by r0, d(z, z
′) ≤ r + 2r0,
hence ∂(f(z), f(z′)) ≤ s′. Since the diameter of each Y y is bounded by r0,
we have that ∂(y, y′) ≤ s′ + 2r0.
Pick now a ∈ BD(X) with prop(a) ≤ r, and suppose that y and y′ are
elements on Y with ∂(y, y′) > s′ + 2r0. Fix also n, n
′ ∈ N. Let w and w′ in
X and m,m′ ∈ N such that g(w,m) = (y, n) and g(w′,m′) = (y′, n′). Since
∂(y, y′) > s′ + 2r0, then d(w,w
′) > r, hence aww′ = 0. In particular
0 = 〈a(δw ⊗ ξn), δw′ ⊗ ξn′〉 = 〈u
∗Ψ(a)u(δw ⊗ ξn), δw′ ⊗ ξn′〉
= 〈Ψ(a)u(δw ⊗ ξn), uδw′ ⊗ ξn′〉 = 〈Ψ(a)(δy ⊗ ζm), δy′ ⊗ ζm′〉
Since m and m′ are arbitrary, then Ψyy′ = 0. Since y and y
′ were arbitrary
elements such that ∂(y, y′) > s′ + 2r0, then prop(Ψ(a)) ≤ s
′ + 2r0. This
concludes the proof. 
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Claims 2.5 implies that Ψ(C∗(X)) ⊂ C∗(Y ). By symmetry of the ar-
guments, it follows that Ψ−1(C∗(Y )) ⊂ C∗(X), hence Ψ restricts to an
isomorphism between C∗(X) and C∗(Y ). We set
Φf,(ξn),(ζn),g = Ψ↾C
∗(X).
This map is highly noncanonical, as it depends on the choices of ξ¯, ζ¯, and g.
(The latter in turns depends on f , but not canonically.) We want to make
this association canonical.
If Φ and Ψ are isomorphisms between C∗(X) and C∗(Y ), we write
Φ ∼u,BD Ψ ⇐⇒ ∃u ∈ BD(Y ) such that Φ = Ad(u) ◦Ψ.
We show that our association becomes canonical when Aut(C∗(X)) is mod
out by Inn(BD(X)).
Proposition 2.6. Let X and Y be u.l.f. metric spaces, and let f and h
be coarse equivalences between X and Y . Suppose that Φf,(ξn),(ζn),g and
Φh,(ξ′n),(ζ′n),g′ are constructed as above from different parameters. Then
Φf,(ξn),(ζn),g ∼u,BD Φh,(ξ′n),(ζ′n),g′ if and only if f is close to h.
Proof. Let u ∈ BD(X) be the unitary such that for all x ∈ X and n ∈ N,
uδx⊗ξn = δx⊗ξ
′
n, and let w ∈ BD(Y ) be the unitary such that for all y ∈ Y
and n ∈ N, w(δy ⊗ ζn) = δy ⊗ ζ
′
n. Then
Φh,(ξn),(ζn),g′ = Ad(w
∗) ◦Φh,(ξ′n),(ζ′n),g′ ◦ Ad(u).
Since w and Φh,(ξ′n),(ζ′n),g′(u) are in BD(Y ), then
Φf,(ξn),(ζn),g ∼u,BD Φh,(ξ′n),(ζ′n),g′ ⇔ Φf,(ξn),(ζn),g ∼u,BD Φh,(ξn),(ζn),g′ .
Let g′′ : Y ×N→ Y ×N given by g′′ = g ◦g′−1. Since g and g′ are bijections,
so is g′′. Define a unitary v ∈ B(ℓ2(Y,H)) by
v(δy ⊗ ζn) = δg′′
1
(y,n) ⊗ ζg′′
2
(y,n).
It is routine to check that Φf,(ξn),(ζn),g = Ad(v) ◦ Φh,(ξ′n),(ζ′n),g′ . Hence we
just need to show that v ∈ BD(Y ), and this follows from how g and g′ are
constructed because f and h are close. 
We have constructed a canonical injective homomorphism Coa(X) →
Out(C∗(X)). As in the proof of Theorem A, our efforts will amount in
proving surjectivity.
3. Uniform approximability in Roe algebras
This section deals with uniform approximability of maps Φ between C∗-
subalgebras of B(ℓ2(X,H)) and B(ℓ2(Y,H)). Precisely, in this section we
study when maps satisfy coarse-like properties, that is, when morphisms
respect the large-scale geometry of the underlying spaces. This concept was
introduced for maps between uniform Roe algebras in [3], and formalised in
[4]; here we define it in the Roe algebras setting.
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Definition 3.1. Let X and Y be metric spaces, A ⊂ B(ℓ2(X,H)) and
B ⊂ B(ℓ2(Y,H)) be C
∗-subalgebras.
1. Given ε, r > 0, an element a ∈ A is ε-r-approximable in A if there is
c ∈ A with prop(c) ≤ r so that ‖a− c‖ ≤ ε.
2. A map Φ: A → B is coarse-like if for all ε, r > 0 there is s > 0 so
that Φ(a) is ε-s-approximable in B for all contractions in a ∈ A with
prop(a) ≤ r.
The following theorem is the starting point for our research on uniform
approximability for Roe algebras and it is a simple consequence of [3, Lemma
4.9] (see [5, Proposition 3.3] for a precise proof; cf. [3, Theorem 4.4]).
Theorem 3.2. Let X and Y be u.l.f. metric spaces and let Φ: C∗u(X) →
C∗u(Y ) be a strongly continuous compact preserving linear map. Then Φ is
coarse-like. 
In layman terms, Theorem 3.2 says that, for uniform Roe algebras, uni-
form approximability holds in a very strong sense. This result is false for
Roe algebras.
Proposition 3.3. Given a finite metric space X and a metric space of
infinite diameter Y , there is a compact preserving strongly continuous em-
bedding Φ: C∗(X)→ C∗(Y ) onto a hereditary subalgebra of C∗(Y ) which is
not coarse-like.
Proof. For simplicity, we assume X is a singleton, say X = {x} and that Y
is countable, say Y = N. Fix a metric ∂ on Y of infinite diameter. Let (ξn)n
be an orthonormal basis for H, and define u : ℓ2(X,H)→ ℓ2(Y,H) by
uδx ⊗ ξn = δn ⊗ ξ1, for n ∈ N.
The operator u is an isometry, and Ad(u) is a compact preserving strongly
continuous embedding of B(ℓ2(X,H)) into B(ℓ2(Y,H)). As C
∗(X) = χ{x}⊗
K(H), then Ad(u)(C∗(X)) ⊂ K(ℓ2(Y,H)) ⊂ C
∗(Y ). The image of Ad(u)
is a hereditary subalgebra of C∗(Y ) since it equals K(ℓ2(Y )) ⊗ q1, where
q1 : H → span{ξ1} is the standard projection.
We are left to show that Ad(u) is not coarse-like. Fix n ∈ N, and let
m ∈ N be such that ∂(1,m) ≥ n. Let v ∈ B(ℓ2(X,H)) be the rank 1 partial
isometry sending δx ⊗ ξ1 to δx ⊗ ξm. Then v has propagation 0 but, as
〈Ad(u)v(δ1 ⊗ ξ1), δm ⊗ ξ1〉 = 1,
it follows that Ad(u)v cannot be 1/2-n-approximated. As n is arbitrary, we
are done. 
The map of Proposition 3.3 sends a sequence which is converging in the
strong operator topology to an element outside of C∗(X) to a sequence which
is converging in the strong operator topology to an element in C∗(Y ). This
is the only obstacle in generalising Theorem 3.2 to the Roe algebras scenario.
The following two theorems are our main uniform approximability results
and most of this section is dedicated to prove them.
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Theorem 3.4. Let X and Y be u.l.f. metric spaces. Then every isomor-
phism between C∗(X) and C∗(Y ) is coarse-like.
Although Proposition 3.3 shows that Theorem 3.2 cannot be extended
to Roe algebras, the latter can be extended to band-dominated algebras as
follows:
Theorem 3.5. Let X and Y be u.l.f. metric spaces. Then every strongly
continuous compact preserving ∗-homomorphism Φ: BD(X) → BD(Y ) is
coarse-like.
We now proceed to prove Theorems 3.4 and 3.5. First we show that
ε-r-approximability does not depend on the ambient algebra.
Proposition 3.6. Let X be a u.l.f. metric space, r > 0, ε > 0, and a ∈
C∗(X). The following are equivalent:
1. a is ε-r-approximable in BD(X),
2. a is (ε+ δ)-r-approximable in C∗(X), for all δ > 0, and
3. a is (ε+ δ)-r-approximable in BD(X), for all δ > 0.
Proof. (1)⇒(2) If a is ε-r-approximable in BD(X), pick b of propagation r
with ‖a− b‖ ≤ ε. Let p ∈ C∗(X) be a projection with prop(p) = 0 and
such that ‖pa− a‖ < δ. This exists by Proposition 2.1. Then pb ∈ C∗(X),
prop(pb) ≤ r and
‖a− pb‖ ≤ ‖a− pa+ pa− pb‖ < ‖a− b‖+ δ/2 < ε+ δ.
(2)⇒(3) This is immediate.
(3)⇒(1) For each n ∈ N, pick bn ∈ BD(X) with prop(bn) ≤ r and ‖a −
bn‖ ≤ ε + 1/n. Then (bn)n is bounded and, by compactness of the unit
ball of B(ℓ2(X,H)) with respect to the weak operator topology, by going
to a subsequence if necessary, we can define b = WOT- limn bn. Clearly,
prop(b) ≤ r, so we only need to notice that ‖a−b‖ ≤ ε. Suppose ‖a−b‖ > ε.
Pick unit vectors ξ and ζ in ℓ2(X,H), and n ∈ N so that |〈(a− b)ξ, ζ〉| > ε+
1/n. By the definition of b, there is m > n so that |〈(a− bm)ξ, ζ〉| > ε+1/n.
As m > n, this implies that ‖a− bm‖ > ε+ 1/n; contradiction. 
The set of ε-r-approximable elements is strongly closed:
Proposition 3.7. Let X be a u.l.f. metric space, r > 0, ε > 0, a ∈
B(ℓ2(X,H)) and let (an)n be a sequence in BD(X) so that a = SOT- lim an.
If each an is ε-r-approximable in BD(X), then a is ε-r-approximable in
BD(X).
Proof. As each an is ε-r-approximable in BD(X), pick a sequence (bn)n
in BD(X) so that prop(bn) ≤ r and ‖an − bn‖ ≤ ε for all n ∈ N. As
a = SOT- limn an, the principle of uniform boundedness implies that (an)n
is a bounded sequence, hence so is (bn)n. By compactness of the unit ball
of B(ℓ2(X,H)) in the weak operator topology, going to a subsequence if
necessary, we can assume that b = WOT- limn bn exists. Clearly, prop(b) ≤ r
and ‖a− b‖ ≤ ε, so we are done. 
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Propositions 3.6 and 3.7 together give the following:
Proposition 3.8. Let X be a u.l.f. metric space, r > 0, ε > 0, a ∈ C∗(X)
and let (an)n be a sequence in BD(X) so that a = SOT- lim an. If each an is
ε-r-approximable in C∗(X), then a is (ε + δ)-r-approximable in C∗(X) for
all δ > 0. 
Next, we study how strongly convergence and ε-r-approximability inter-
play. We prove the Roe algebra and the band-dominated algebra versions
of [3, Lemma 4.9]. Let D = {z ∈ C | |z| ≤ 1}. If (an)n is a sequence of
operators and λ¯ ∈ DN is such that SOT-
∑
n λnan exists, we write
aλ¯ = SOT-
∑
n
λnan.
When writing aλ¯, it is implicit that the limit above exists.
Lemma 3.9. Let X be a u.l.f. metric space and let (an)n be a sequence of
compact operators in BD(X) so that aλ¯ ∈ BD(X) for all λ¯ ∈ D
N. Then for
all ε > 0 there is r > 0 so that aλ¯ is ε-r-approximable in BD(X) for all
λ¯ ∈ DN.
Proof. Let (pj)j be a sequence of finite rank projections on H which strongly
converges to 1H . Let 1X denote the identity on ℓ2(X) and notice that
a = SOT- limj(1X ⊗ pj)a(1X ⊗ pj). Given λ¯ = (λn)n ∈ D
N and j ∈ N, let
aλ¯,j = (1X ⊗ pj)aλ¯(1X ⊗ pj),
and aλ¯,∞ = aλ¯, so that aλ¯,∞ = SOT- limj aλ¯,j for all λ¯ ∈ D
N. By Proposition
3.8, it is enough to show that
(∗) for all ε > 0 there is r > 0 so that aλ¯,j is ε-r-approximable in BD(X)
for all λ¯ ∈ DN and all j ∈ N.
Suppose (∗) fails for ε > 0. For each finite I ⊂ N, let
ZI =
{
λ¯ ∈ DN | ∀j ∈ I, λj = 0
}
and YI =
{
λ¯ ∈ DN | ∀j 6∈ I, λj = 0
}
.
So YI is compact in the product space D
N.
Claim 3.10. For all r > 0 and all finite I ⊂ N, there exist λ¯ ∈ ZI and
j ∈ N so that aλ¯,j is not ε/2-r-approximable in BD(X).
Proof. Suppose the claim fails and let r > 0 and I ⊂ N witness that. Let
N∞ be the one-point compactification of N. Notice that the map
(λ¯, j) ∈ YI × N∞ 7→ aλ¯,j ∈ BD(X)
is continuous. Indeed, the map is clearly continuous on YI×N and continuity
on YI × {∞} follows since each an is compact; therefore, an = limj(1X ⊗
pj)an(1X ⊗ pj) for all n ∈ N and it follows that aλ¯,∞ = limj aλ¯,j for all
λ¯ ∈ YI . The continuity of this map and the compactness of YI ×N∞ imply
that {aλ¯,j | λ¯ ∈ YI , j ∈ N∞} is a norm compact subset of BD(X). In
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particular, total boundedness of this set gives s > 0 so that a is ε/2-s-
approximable in BD(X) for all a ∈ {aλ¯,j | λ¯ ∈ YI , j ∈ N}.
Let λ¯ ∈ DN and j ∈ N. Write λ¯ = λ¯1 + λ¯2 for λ¯1 ∈ YI and λ¯2 ∈ ZI , so
aλ¯,j = aλ¯1,j+aλ¯2,j . As r and I witness that the claim fails, we have that aλ¯2,j
is ε/2-r-approximable in BD(X). Moreover, our choice of s implies that aλ¯1,j
is ε/2-s-approximable in BD(X); hence aλ¯,j is ε-max{r, s}-approximable in
BD(X). As λ¯ ∈ DN and j ∈ N were arbitrary, this contradicts that (∗) fails
for ε. 
For r > 0 and δ > 0, let
Ur,δ =
{
λ¯ ∈ DN | aλ¯,j is δ-r-approximable in BD(X) for all j ∈ N
}
.
Claim 3.11. The set Ur,δ is closed for all r > 0 and δ > 0.
Proof. Suppose the claim fails for r > 0 and δ > 0. Then there is λ¯ ∈
U ∁r,δ ∩ Ur,δ. As λ¯ 6∈ Ur,δ, there is j ∈ N so that aλ¯,j is not δ-r-approximable
in BD(X). Proposition 3.8 implies that there exist a finite F ⊂ X so that
χFaλ¯,jχF is not δ-r-approximable in BD(X).
Fix γ > 0. By the definition of aθ¯,j, χFaθ¯,jχF = (χF ⊗ pj)aθ¯(χF ⊗ pj);
hence compactness of the projection χF ⊗pj implies that there exists a finite
I ⊂ N so that ‖χFaθ¯,jχF ‖ < γ for all θ¯ ∈ ZI . Indeed, this follows since
χFaθ¯,jχF = SOT-
∑
n
θn(χF ⊗ pj)an(χF ⊗ pj)
for all θ¯ ∈ DN. Let λ¯1 ∈ YI and λ¯2 ∈ ZI be so that λ¯ = λ¯1 + λ¯2. As
λ¯ ∈ Ur,δ, there exists θ¯1 ∈ YI and θ¯2 ∈ ZI so that θ¯ = θ¯1 + θ¯2 ∈ Ur,δ
and ‖aλ¯1,j − aθ¯1,j‖ ≤ γ. As θ¯ ∈ Ur,δ, aθ¯,j is δ-r-approximable in BD(X).
In particular, as χF ⊗ pm is a projection with propagation 0, χFaθ¯,jχF is
δ-r-approximable in BD(X). Therefore, since
aλ¯,j = aθ¯,j + aλ¯1,j − aθ¯1,j + aλ¯2,j − aθ¯2,j,
we have that χFaλ¯,jχF is (δ+3γ)-r-approximable in BD(X). As γ was arbi-
trary, Proposition 3.6 implies that χFaλ¯,jχF is δ-r-approximable in BD(X);
contradiction. 
Fix δ = ε/4.
Claim 3.12. For all r > 0, the set Ur,δ has empty interior.
Proof. Fix r > 0 and let λ¯ ∈ Ur,δ. Fix a finite I ⊂ N and write λ¯ = λ¯1 + λ¯2,
for λ¯1 ∈ YI and λ¯2 ∈ ZI . Pick s > r so that aλ¯1,j is δ-s-approximable in
BD(X). By Claim 3.10, there is θ¯2 ∈ ZI and j ∈ N so that aθ¯2,j is not
2δ-s-approximable in BD(X). Hence, letting θ¯ = λ¯1 + θ¯2, we have that aθ¯,j
is not δ-s-approximable in BD(X). As s > r, aθ¯,j is not δ-r-approximable in
BD(X), so θ¯ 6∈ Ur,δ. Since I was an arbitrary finite subset of N, this shows
that λ¯ is not an interior point of Ur,δ. 
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By Claim 3.11 and 3.12, Ur,δ is nowhere dense for all r > 0. However
DN =
⋃
n∈N
Un,δ.
Indeed, if λ¯ ∈ DN, then there is n ∈ N so that aλ¯,∞ is δ-n-approximable in
BD(X). In particular, aλ¯,j is δ-n-approximable in BD(X) for all j ∈ N, so
λ¯ ∈ Un,δ. Since D
N is a Baire space, we have a contradiction. 
Remark 3.13. The Baire categorical nature of the proof of Lemma 3.9 implies
that its statement holds outside the scope of metrizable coarse spaces (for
brevity, we refer the reader to [3] for definitions). Indeed, if (X, E) is a
coarse space which is small (see [3, Definition 4.2]), Lemma 3.9 still holds.
In particular, Theorems 3.4 and 3.5 also hold for small coarse spaces.
The following is the Roe algebra version of Lemma 3.9.
Lemma 3.14. Let X be a u.l.f. metric space and let (an)n be a sequence
of compact operators in C∗(X) so that aλ¯ ∈ C
∗(X) for all λ¯ ∈ DN. Then
for all ε > 0 there is r > 0 so that aλ¯ is ε-r-approximable in C
∗(X) for all
λ¯ ∈ DN.
Proof. By Lemma 3.9, we know that for all ε > 0 there is r such that aλ¯ is
ε/2-r-approximable in BD(X) for all λ¯ ∈ DN. Given λ¯ ∈ DN, Proposition 3.6
implies that aλ¯ is ε-r-approximable in C
∗(X). Since ε and λ¯ are arbitrary,
we are done. 
Lemma 3.15. Let X and Y me u.l.f. metric spaces and let Φ: C∗(X) →
C∗(Y ) be a strongly continuous compact preserving linear map. If Φ ↾
χFC
∗(X)χF is coarse-like for all finite F ⊂ X, then Φ is coarse-like.
Proof. Suppose that Φ ↾ χEC∗(X)χE is coarse-like for all finite E ⊆ X but
Φ is not coarse-like. Let ε > 0 and r > 0 be such that for every s > 0 there
is a contraction as ∈ C
∗(X) of propagation at most r such that Φ(as) is not
ε-s-approximable.
Claim 3.16. For all cofinite F ⊂ X and all s > 0 there is a contraction
a ∈ χFC
∗(X)χF with finite support and propagation at most r so that Φ(a)
is not ε/2-s-approximable.
Proof. Fix F and s. Let
E =
{
x ∈ X | d(x,X \ F ) ≤ r
}
.
As X \ F is finite and X is u.l.f., E is finite, and therefore Φ ↾ χEC∗(X)χE
is coarse-like. Pick s′ > s so that Φ(χEaχE) is ε/2-s
′-approximable for all
contractions a ∈ C∗(X).
By the definition of E, we have that
{(x, y) ∈ X2 | d(x, y) ≤ r} ⊂ (E × E) ∪ (F × F ).
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Hence, if a ∈ C∗(X) has propagation at most r then there is b ∈ χEC
∗(X)χE
such that a = b+χFaχF . If a is a contraction, then ‖b‖ ≤ 2 and prop(b) ≤ r.
Let b ∈ χEC
∗(X)χE be as above for a = as′ . By our choice of s
′, Φ(b) is ε/2-
s′-approximable. As s′ > s, if Φ(χFaχF ) is ε/2-s-approximable, then Φ(a)
is ε-s′-approximable. This contradicts our choice of as, so Φ(χFasχF ) is not
ε/2-s-approximable. By Proposition 3.8, we can obtain a finite G ⊂ X \ F
so that Φ(χGasχG) is not ε/2-s-approximable. This finishes that claim. 
By the previous claim, there exists a disjoint sequence of finite subsets
(En)n of X and a sequence (an)n in C
∗(X) so that an ∈ B(ℓ2(En,H)),
prop(an) ≤ r and Φ(an) is not ε/2-n-approximable for all n ∈ N. Since
the En’s are disjoint, for all λ¯ ∈ D
N, aλ¯ is a well defined element of C
∗(X).
By Lemma 3.14, there is s > 0 so that Φ(an) is ε/2-s-approximable for all
n ∈ N, a contradiction. 
If we substitute instances of C∗(X) and of C∗(Y ) with BD(X) and BD(Y )
in the proof of Lemma 3.15, we obtain the following.
Lemma 3.17. Let X and Y me u.l.f. metric spaces and let Φ: BD(X) →
BD(Y ) be a strongly continuous compact preserving linear map. If Φ ↾
χFBD(X)χF is coarse-like for all finite F ⊂ X, then Φ is coarse-like. 
We are ready to prove our uniform approximability results.
Proof of Theorem 3.5. Fix u.l.f metric spaces X and Y . Recall, we need
to show that any strongly continuous compact preserving ∗-homomorphism
Φ: BD(X) → BD(Y ) is coarse-like. By Lemma 3.17, it is enough to show
that Φ ↾ χFBD(X)χF is coarse-like for all such Φ and all finite F ⊆ X.
As χ{x}BD(X)χ{y} ∼= B(H) for all x and y in X, it is enough to show that
any strongly continuous compact preserving ∗-homomorphism Φ: B(H) →
BD(Y ) is coarse-like. Fix such Φ.
Let (ξn)n be an orthonormal basis for H. If F ⊆ N, let pF be the projec-
tion onto span{ξi | i ∈ F}. We write pn for p{1,...,n}. By Proposition 3.7, it is
enough to show that for all ε > 0 there is s > 0 so that for all n ∈ N and all
contractions a ∈ B(H), Φ(pnapn) is ε-s-approximable in BD(Y ). Suppose
this fails for ε ∈ (0, 1). By compactness of the unit sphere of pnB(H)pn, we
then have that
(∗) For all finite E ⊂ N and all s > 0 there is a contraction a ∈ B(H) with
finite support so that pEapE = 0 and Φ(a) is not ε/2-s-approximable
in BD(Y ).
Claim 3.18. For all cofinite F ⊂ N and all s > 0 there is a contraction
a ∈ B(pFH) with finite support so that Φ(a) is not ε/4-s-approximable in
BD(Y ).
Proof. Suppose the claim fails for a cofinite F ⊂ N and s > 0. Let A0 =
N \ F . By (∗) there are an increasing sequence of finite subsets (An)n of N
and a sequence of contractions (an)n in B(H) so that supp(an) ⊂ A
2
n \A
2
n−1
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and Φ(an) is not ε/2-n-approximable in BD(Y ) for all n ∈ N. Since the
claim fails, going to a subsequence and redefining (an)n, we can assume that
supp(an) ⊂ (An \ An−1) × A0 for all n ∈ N and that Φ(an) is not ε/8-
n-approximable in BD(Y ) for all n ∈ N (otherwise, we could assume that
supp(an) ⊂ A0 × (An \ An−1) and the proof would proceed similarly). Let
Fn = An \An−1.
Let (En)n be a disjoint sequence of finite subsets of N so that |En| = |A0|
for all n ∈ N. For each n ∈ N, let bn ∈ B(pA0H, pEnH) be a unitary. For
each n ∈ N, let k(n) ∈ N be so that Φ(bn) can be ε/17-k(n)-approximable
in BD(Y ) and let m(n) ∈ N be so that Φ(am(n)) is not ε/8-(k(n) + n)-
approximable in BD(Y ). Without loss of generality (m(n))n is strictly in-
creasing.
Notice that supp(bnam(n)) ⊂ Fm(n) × En for all n ∈ N. As both (En)n
and (Fm(n))n are disjoint sequences, we have that
SOT-
∑
n∈N
λnbnam(n) ∈ B(H)
for all λn ∈ D
N. As Φ is strongly continuous and compact preserving, each
Φ(bnam(n)) is compact and
SOT-
∑
n∈N
λnΦ(bnam(n)) ∈ BD(Y )
for all (λn)n ∈ D
N. By Lemma 3.9, there exists s′ > 0 so that Φ(bnam(n))
is ε/16-s′-approximable in BD(Y ) for all n ∈ N. Fix a sequence (cn)n in
BD(Y ) so that prop(cn) ≤ s
′ and ‖Φ(bnam(n))− cn‖ ≤ ε/16 for all n ∈ N.
As bn is unitary, each Φ(b
−1
n ) is ε/17-k(n)-approximable in BD(Y ). Fix
(dn)n in BD(Y ) so that prop(dn) ≤ k(n) and ‖Φ(b
−1
n ) − dn‖ ≤ ε/17 for all
n ∈ N. Then, we have that for all n ∈ N
‖Φ(am(n))−dncn‖ =
=
∥∥Φ(b−1n )Φ(bnam(n))− dncn
∥∥
≤‖Φ(b−1n )Φ(bnam(n))− Φ(bn)
−1cn‖+ ‖Φ(bn)
−1cn − dncn‖
≤‖Φ(bnam(n))− cn‖+ ‖Φ(bn)
−1 − dn‖ · ‖cn‖
≤
ε
16
+
ε
17
(
1 +
ε
16
)
≤
ε
8
.
As prop(dncn) ≤ k(n)+ s
′, then Φ(am(n)) is ε/2-(k(n)+ s
′)-approximable in
BD(Y ) for all n ∈ N. For n > s′, this gives a contradiction. 
By the previous claim we can pick mutually disjoint finite sets En ⊆ N
and a sequence of contractions (an)n so that an ∈ B(PENH) and Φ(an) is
not ε/4-n-approximable for all n ∈ N. Since the En’s are mutually disjoint,
aλ¯ ∈ B(H) for all λ¯ ∈ D
N. By Lemma 3.9, there exists s > 0 so that Φ(an)
is ε/4-s-approximable in BD(Y ) for all n ∈ N, a contradiction. 
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Proof of Theorem 3.4. Fix u.l.f metric spaces X and Y , and an isomor-
phism Φ: C∗(X) → C∗(Y ). By Lemma 3.15, it is enough to show that
Φ ↾ χFC∗(X)χF is coarse-like for all finite F ⊆ X. Therefore, finiteness of
F implies that we only need to show that Φ ↾ χ{x}C
∗(X)χ{y} is coarse-like
for all x and y in X. To simplify the notation, assume x = y.
We prove the following stronger statement:
(∗) For every ε > 0 there is a finite F ⊆ Y such that ‖χFΦ(a)χF − Φ(a)‖ <
4ε for all positive contractions a ∈ χ{x}C
∗(X)χ{x}.
Notice that, since χFΦ(a)χF has propagation at most diam(F ), for all a ∈
C∗(X), (∗) implies the desired result. We proceed by contradiction, so
assume ε > 0 contradicts the statement in (∗).
Let (ξn)n be an orthonormal base for H, and let pn be the projection onto
span{ξi | i ≤ n}. For each n ∈ N, let qn = χ{x} ⊗ pn. Given a finite I ⊂ N,
write qI = qmax I − qmin I .
Claim 3.19. For every finite F ⊆ Y and n ∈ N there is a positive contrac-
tion a ∈ χ{x}C
∗(X)χ{x} with aqn = qna = 0 and
∥∥χY \FΦ(a)χY \F
∥∥ > ε2.
Proof. Fix a finite F ⊂ Y and n ∈ N. Since qnC
∗(X)qn is finite dimensional
and each element of qnC
∗(X)qn has finite rank, there is a finite G ⊆ Y such
that whenever a ∈ qnC
∗(X)qn is a contraction and G
′ ⊃ G, then
‖Φ(a)− χG′Φ(a)‖ < ε
2.
Fix G′ = G ∪ F . By our choice of ε, there is a positive contraction b ∈
χ{x}C
∗(X)χ{x} such that ‖χG′Φ(b)χG′ − Φ(b)‖ > 4ε. In particular, the
triangular inequality implies that
∥∥χY \G′Φ(b)
∥∥ = ‖χG′Φ(b)− Φ(b)‖ > 2ε.
Let a = (χ{x}−qn)b
2(χ{x}−qn). So a is a positive contraction. Assume for
a contradiction that
∥∥χY \FΦ(a)χY \F
∥∥ ≤ ε2. Then ∥∥χY \G′Φ(a)χY \G′
∥∥ ≤ ε2.
Since
b2 = a+ qnb
2qn + qnb
2(χ{x} − qn) + (χ{x} − qn)b
2qn,
we have that
∥∥χY \G′Φ(b2)χY \G′
∥∥ ≤ 4ε2, so ∥∥χY \G′Φ(b)
∥∥ ≤ 2ε. This is a
contradiction. 
Notice that a = SOT- limm(qm−qn)a(qm−qn), for all a ∈ χ{x}C
∗(X)χ{x}
with qna = aqn = 0. Therefore, the previous claim can be used to produce
a sequence (an)n of contractions in χ{x}C
∗(X)χ{x}, a sequence of natural
numbers (k(n))n, and sequences (Fn)n and (In)n of finite subsets of Y and
N, respectively, so that (Fn)n is a disjoint sequence, max In < max In+1 for
all n ∈ N, and
∥∥(χFn ⊗ pk(n))Φ(qInana∗nqIn)(χFn ⊗ pk(n))
∥∥ > ε2/4
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for all n ∈ N. Hence, the C∗-equality gives that∥∥χFn ⊗ pk(n)Φ(qInan)
∥∥ > ε/2
for all n ∈ N.
As both (χFn⊗pk(n))n and (Φ(qInan))n are sequences of compact operators
converging to zero in the strong operator topology, passing to a subsequence
if necessary, we can assume that∥∥χFn ⊗ pk(n)Φ(qImam)
∥∥ ≤ 2−n−3ε
for all n 6= m in N. As (Fn)n is a disjoint sequence, b = SOT-
∑
n χFn⊗pk(n)
exists and it clearly belongs to C∗(Y ). Let c = Φ−1(b); in particular c ∈
C∗(X). Then
‖cqIm‖ ≥ ‖cqImam‖ = ‖bΦ(qImam)‖
≥
∥∥χFn ⊗ pk(n)Φ(qImam)
∥∥−
∑
n 6=m
∥∥χFn ⊗ pk(n)Φ(qImam)
∥∥
≥ ε/4
for allm ∈ N. As (In)n are disjoint, this contradicts the fact that c ∈ C
∗(X),
i.e., that c is locally compact. 
Remark 3.20. We used positivity and the fact that the qn’s are projection in
the above proof. We would not need it, by playing with functional analysis.
So if we ever want, we could follow the strategy highlighted above to show
that if Φ: C∗(X)→ C∗(Y ) is a strongly continuous linear compact preserv-
ing map with the property that for every sequence of operators (an) we
have that if Φ(an) converges strongly to b in C
∗(Y ) then there is c ∈ C∗(X)
such that an converges strongly to c. This shows that having a strongly
continuous sequence which is converging outside C∗(X) and gets sent to a
strongly converging sequence converging inside C∗(Y ) was indeed the only
obstruction to generalise Theorem 3.2 to the Roe algebra setting (see e.g.,
the discussion after Proposition 3.3).
We finish the section introducing a weaker version of coarse-likeness for
which Theorem 3.2 has an equivalent for Roe algebras.
Definition 3.21. Let X and Y be metric spaces. A map Φ: C∗(X) →
C∗(Y ) is asymptotically coarse-like if for all ε > 0 and r > 0 there is s > 0
and a cofinite X ′ ⊂ X so that Φ(a) is ε-s-approximable in C∗(Y ) for all
contractions in a ∈ C∗(X ′) with prop(a) ≤ r.
Theorem 3.22. Let X and Y be u.l.f. metric spaces. Every strongly con-
tinuous compact preserving linear map Φ: C∗(X)→ C∗(Y ) is asymptotically
coarse-like.
Proof. Suppose this fails. So there is ε > 0 and r > 0 so that for all n ∈ N
and all cofinite X ′ ⊂ X, there is a contraction a ∈ C∗(X ′) with prop(a) ≤ r
so that Φ(a) is not ε-n-approximable. Then, by Proposition 3.8, we can
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pick a disjoint sequence (Xn)n of finite subsets of X and a sequence (an)n
of contractions so that an ∈ C
∗(Xn), prop(an) ≤ r, and Φ(an) is not ε-n-
approximable for all n ∈ N.
Finiteness of each Xn and compact preservation of Φ implies that each
Φ(an) is compact. Hence , as (Xn)n is a disjoint sequence and as each an has
propagation at most r, strong continuity of Φ gives that SOT-
∑
n λnΦ(an) ∈
C∗u(Y ) for all (λn)n ∈ D
N. Therefore, Lemma 3.14 implies that there is s > 0
to that each Φ(an) is δ-s-approximable; contradiction. 
Remark 3.23. Although we will prove Theorems B and 2.3 below using
Theorem 3.4, we point out that both those results could be obtained (in a
very similar way) using Theorem 3.22 above instead of Theorem 3.4.
4. The multiplier algebra of C∗(X)
In this short section, we characterize BD(X) as the multiplier algebra of
C∗(X). As a consequence, this shows that Inn(BD(X)) is a normal subgroup
of Aut(C∗(X)). Since all automorphisms of C∗(X) are strongly continuous,
being induced by a unitary in B(ℓ2(X,H)) (see e.g., [21, Lemma 3.1]), we
have that all automorphisms of C∗(X) extend to automorphisms of BD(X).
An operator algebraist used to work with multipliers would not be surprised
by this result, and may even find it obvious. However, we do not know of a
proof that does not use uniform approximability in some way.
Theorem 4.1. Let X be a u.l.f. metric space. Then BD(X) =M(C∗(X)).
Proof. We use the characterisation of the multiplier algebra given in [1,
II.7.3.5]. As C∗(X) is already represented faithfully on ℓ2(X,H), the multi-
plier algebra of C∗(X) coincides with its idealizer, that is,
M(C∗(X)) =
{
b ∈ B(ℓ2(X,H)) | ∀a ∈ C
∗(X), ba, ab ∈ C∗(X)
}
.
As C∗(X) is an ideal in BD(X), we clearly have that BD(X) ⊆M(C∗(X)).
Claim 4.2. Let b ∈ M(C∗(X)), ε > 0, and let F ⊆ X be finite. Then there
is a finite G ⊂ X such that ‖χGbχF − bχF ‖ < ε and ‖χF bχG − χF b‖ < ε.
In particular, bχF and χF b belong to BD(X).
Proof. Suppose not. Then, without loss of generality, we assume that there
is a sequence (Gn)n of disjoint finite subsets X so that ‖χGnbχF ‖ > ε/2 for
all n ∈ N. For each n ∈ N, fix a unit vector ξn such that ‖χGnbχF ξn‖ > ε/2
and let pn be a finite rank projection in B(H) so that ‖(χGn ⊗ pn)bχF ξn‖ >
ε/2. Then SOT-
∑
n(χGn ⊗ pn) ∈ C
∗(X), so, as bχF ∈ M(C
∗(X)), then
SOT-
∑
n(χGn ⊗ pn)bχF ∈ C
∗(X). Fix k ∈ N such that SOT-
∑
n(χGn ⊗
pn)bχF can be ε/2-k-approximated in C
∗(X) and m large enough so that
d(Gm, F ) > k. Since χGm ⊗ pm and χF have propagation 0, (χGm ⊗ pm)bχF
can be ε/2-k-approximated in C∗(X). Let c ∈ C∗(X) be an element with
propagation at most k so that ‖c− (χGm ⊗ pm)bχF ‖ < ε/2. Since c has
propagation at most k and d(Gm, F ) > k, then (χGm ⊗ pm)cχF = 0. Hence
‖(χGm ⊗ pm)bχF ‖ < ε/2, a contradiction. 
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In order to get a contradiction, suppose b ∈M(C∗(X)) is such that there
is ε > 0 for which b cannot be ε-n-approximated for every n ∈ N. We
will construct two sequences (Fn)n and (pn)n of finite subsets of X and
finite-rank projections in B(H), respectively, with the following properties:
• the Fn are disjoint,
• for all n, ∥∥∥(χ⋃
m6=n Fm
⊗ 1H)b(χFn ⊗ pn)
∥∥∥ < 2−n,
• each (χFn ⊗ pn)b(χFn ⊗ pn) cannot be ε/2-n-approximated.
We do this by induction. Let (qn)n be a sequence of finite-rank projec-
tions in B(H) which is converging strongly to 1H . Since b cannot be ε-0-
approximated and
b = SOT- lim
F⊆X finite
n∈N
(χF ⊗ qn)b(χF ⊗ qn),
Proposition 3.7 gives a finite F0 ⊆ X and n ∈ N such that (χF⊗qn)b(χF⊗qn)
cannot be ε-0-approximated. Let p0 = qn.
We now make the inductive step: suppose that p0, . . . , pn and F0, . . . , Fn
have been defined. Let bn = bχ
⋃
m≤n Fn
. Using the previous claim, pick a
finite G ⊆ X such that ‖χGbn − bn‖ < 2
−n−1. By Claim 4.2, χX\GbχG +
χGbχX\G + χGbχG ∈ BD(X), so there is n
′ > n such that χX\GbχG +
χGbχX\G + χGbχG can be ε/2-n
′-approximated. As
b = χX\GbχX\G + χX\GbχG + χGbχX\G + χGbχG
cannot be ε-n′-approximated, χX\GbχX\G cannot be ε/2-n
′-approximated.
As
χX\G = SOT- lim
F⊆X\G finite
i∈N
χF ⊗ qi,
Proposition 3.7 gives a finite Fn+1 and i ∈ N such that (χFn+1⊗qi)b(χFn+1⊗
qi) cannot be ε/2-n
′-approximated. Setting pn+1 = qi concludes the con-
struction.
Let now c = SOT-
∑
n(χFn ⊗ pn) and notice that
cbc = SOT-
∑
n
(χFn ⊗ pn)b(χFn ⊗ pn) + d
where
d = SOT-
∑
n∈N
(
(χFn ⊗ pn)b
∑
m6=n
χFm ⊗ pm
)
.
By our choice of (Fn)n and (pn)n, we have that∥∥∥∥∥∥
(
1X ⊗ 1H −
∑
m≤n
χFm ⊗ pm
)
d
∥∥∥∥∥∥
≤
∑
m>n
∥∥∥∥∥∥
(χFm ⊗ pm)b
∑
n′ 6=m
χFn′ ⊗ pn′
∥∥∥∥∥∥
≤
∑
m>n
2−m ≤ 2−n+1
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for all n ∈ N. Hence d is compact, so d ∈ C∗(X). Let
b′ = SOT-
∑
n
(χFn ⊗ pn)b(χFn ⊗ pn).
As b ∈ M(C∗(X)), it follows that cbc ∈ C∗(X). Hence, as d ∈ C∗(X),
we have that b′ ∈ C∗(X). Pick n such that b′ can be ε/2-n-approximated.
Since χFn ⊗ pn has propagation 0, (χFn ⊗ pn)b
′(χFn ⊗ pn) can be ε/2-n-
approximated. This is a contradiction since (χFn⊗pn)b
′(χFn⊗pn) = (χFn⊗
pn)b(χFn ⊗ pn). 
The following is a simple consequence of Theorem 4.1.
Corollary 4.3. Let X be a u.l.f. metric space. Any Φ ∈ Aut(C∗(X))
extends to an automorphism of BD(X). Moreover, Inn(BD(X)) is a normal
subgroup of Aut(C∗(X)). 
Remark 4.4. If one is only interested in Corollary 4.3, Theorem 4.1 is not
necessary. In fact, Theorem 3.4 gives us an easy proof of Corollary 4.3. We
outline it here as an example of the power of Theorem 3.4.
Fix Φ ∈ Aut(C∗(X)) and let u ∈ B(ℓ2(X,H)) be a unitary so that
Φ = Ad(u) (e.g., [21, Lemma 3.1]). Fix r > 0 and ε > 0 and let a ∈ BD(X)
be a contraction with prop(a) ≤ r. Then, a can be easily written as
a = SOT- limn an where (an)n is a sequence of contractions in C
∗(X) with
prop(an) ≤ r for all n ∈ N. By Theorem 3.4, there is s = s(r, ε) > 0 and
a sequence (bn)n in C
∗(X) so that prop(bn) ≤ s and ‖Φ(an) − bn‖ ≤ ε for
all n ∈ N. Using weak operator compactness and going to a subsequence,
we can assume that b = WOT- limn bn exists. Clearly, prop(b) ≤ r and
‖Ad(u)(a)−b‖ ≤ ε. As ε was arbitrary, this shows that Ad(u)(a) ∈ BD(X).
We leave the remaining details to the reader.
5. Proof of the main result
We use the uniform approximability results of §3 to prove Theorems B
and C.
5.1. Technical lemmas. We prove several technical lemmas in this sub-
section. Their proofs are inspired by techniques in [23, Section 6].
Definition 5.1. A u.l.f. metric space X has the operator norm localisation
property (ONL) if for all s > 0 and all ρ ∈ (0, 1) there is r > 0 so that if
a ∈ B(ℓ2(X,H)) has propagation at most s then there exists a unit vector
ξ ∈ ℓ2(X,H) with diam(supp(ξ)) ≤ r so that ‖aξ‖ ≥ ρ‖a‖.
1
By [19, Theorem 4.1], a u.l.f. metric space has property A if and only if
it has ONL. The following assumption will be recurrent:
1Recall, supp(ξ) = {x ∈ X | ξ(x) 6= 0} for a given ξ : X → H .
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Assumption 5.2. Let X and Y be u.l.f. metric spaces with ONL, H be a
separable infinite dimensional Hilbert spaces and let Φ: C∗(X)→ C∗(Y ) be
an isomorphism. For δ > 0, and projections p ∈ C∗(X) and q ∈ C∗(Y ) of
rank 1, we let
Yp,δ = {y ∈ Y | ‖Φ(p)χ{y}‖ ≥ δ}
and
Xq,δ = {x ∈ X | ‖Φ
−1(q)χ{x}‖ ≥ δ}.
We point out that isomorphisms between Roe algebras are automatically
strongly continuous and rank preserving (see [21, Lemma 3.1]). This will be
used with no further mention in the proofs of the lemmas below.
Lemma 5.3. In the setting of Assumption 5.2, for all r > 0 and ε > 0
there is t > 0 so that for all projections p ∈ C∗u(X) and q ∈ C
∗(Y ) with
propagation at most r there is E ⊂ X with diam(E) ≤ t so that
‖Φ(p)qχE‖ ≥ (1− ε)‖Φ(p)q‖ − ε.
Proof. Fix ε > 0. Theorem 3.4 gives s > 0 so that Φ(p) is ε/2-s-approximable
for all projections p ∈ C∗(X) with prop(p) ≤ r. Fix projections p ∈ C∗(X)
and q ∈ C∗(Y ) with propagation at most r. So there is b ∈ C∗(Y ) with
prop(b) ≤ s + r so that ‖Φ(p)q − b‖ ≤ ε/2. As Y has ONL, there exists
t > 0 (depending only on ε and r) and a unit vector ξ ∈ ℓ2(Y,H) so that
supp(ξ) ≤ t and ‖bξ‖ ≥ (1− ε)‖b‖. Let E = supp(ξ). Hence,
‖Φ(p)qχE‖ ≥ ‖bχE‖ − ‖Φ(p)qχE − bχE‖
≥ (1− ε)‖b‖ −
ε
2
≥ (1− ε)‖Φ(p)q‖ − (1− ε)‖Φ(p)q − b‖ −
ε
2
≥ (1− ε)‖Φ(p)q‖ − ε,
and we are done. 
Given n ∈ N, r ≥ 0, we write
Projn,r(X) =
{
p ∈ Proj(C∗(X)) | rank(p) ≤ n and prop(p) ≤ r
}
.
We define Projn,r(Y ) analogously.
Lemma 5.4. In the setting of Assumption 5.2, for all r > 0 and δ > 0, we
have that
sup
p∈Proj1,r(X)
diam(Yp,δ) <∞.
Proof. By Lemma 5.3, there is t > 0 so that for all p ∈ Proj1,r(X) there is
E ⊂ Y with diam(E) ≤ t so that ‖Φ(p)χE‖
2 > 1 − δ2. Fix p ∈ Proj1,r(X)
and let E be as above. As Φ is rank preserving, Φ(p) has rank 1. Pick a
unit vector ξ ∈ ℓ2(Y,H) in the range of Φ(p). Then
‖Φ(p)χF ‖ = ‖χFΦ(p)‖ = ‖χF ξ‖
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for all F ⊂ Y . In particular, ‖χEξ‖
2 > 1− δ2. If y 6∈ E, then
‖Φ(p)χ{y}‖
2 = ‖χ{y}ξ‖
2 ≤ ‖ξ‖2 − ‖χY \{y}‖
2 ≤ 1− ‖χEξ‖
2 < δ2.
So, y 6∈ Yp,δ. This shows that Yp,δ ⊂ E and we must have diam(Yp,δ) ≤ t. 
Lemma 5.5. In the setting of Assumption 5.2, for all r > 0 and ε > 0 there
is δ > 0 so that
inf
p∈Proj1,r(X)
‖Φ(p)χYp,δ‖ ≥ 1− ε.
Proof. Fix r > 0 and ε ∈ (0, 1). By Lemma 5.3, there is t > 0 so that for
all p ∈ Proj1,r(X) there is E ⊂ Y with diam(E) ≤ t such that ‖Φ(p)χE‖
2 >
1− ε. As Y is u.l.f., N = supy∈Y |Bt(y)| is finite. Let δ ∈ (0,
√
(ε− ε2)/N )
and fix p ∈ Proj1,r(X). Let ξ ∈ ℓ2(Y,H) be a unit vector in the range of the
rank 1 projection Φ(p). Then, picking E as above, we have that
‖Φ(p)χYp,δ‖
2 = ‖χYp,δξ‖
2
≥ ‖χE∩Yp,δξ‖
2
≥ ‖χEξ‖
2 − ‖χE\Yp,δξ‖
2
= ‖Φ(p)χE‖
2 − ‖Φ(p)χE\Yp,δ‖
2
≥ 1− ε− δ2N
≥ (1− ε)2,
and we are done. 
Before stating the next lemma, we need to introduce some technical no-
tation. Given positive reals t, r and k, we denote by Dt,r,k(X) the set of all
families (pi)i∈N of orthogonal projections in C
∗(X) satisfying:
1. each pi has rank at most 1,
2. each pi has propagation at most r, and
3. |{i ∈ N | piχE 6= 0}| ≤ k for any E ⊂ X with diam(E) ≤ t.
If (pi)i∈N ∈ Dt,r,k(X), then SOT-
∑
i∈N pi ∈ C
∗(X). Let p¯ = SOT-
∑
i∈N pi.
By abuse of notation, we identify p¯ with (pi)i∈N and write p¯ ∈ Dt,r,k(X). We
define Dt,r,k(Y ) analogously, and write q¯ ∈ Dt,r,k(Y ) if q¯ = SOT-
∑
i∈N qi
where (qi)i∈N is in Dt,r,k(Y ).
Remark 5.6. A word on the prototypical elements of Dt,r,k(X) is useful:
If (Px)x∈X is a family of projections on H and px = χ{x} ⊗ Px, then
(px)x∈X belongs to Dt,r,k(X) for any t and r ≥ 0, where k = supx∈X |Bt(x)|.
More generally, let (Xn)n be a sequence of disjoint subsets of X with r =
supn diam(Xn) < ∞, ℓ ∈ N, and for each n ∈ N let (pn,i)
ℓ
i=1 be a family
of orthogonal projections in B(ℓ2(Xn,H)) of rank at most 1. Then, for any
t > 0, there is k > 0 so that p¯ = ((pn,i)
ℓ
i=1)n∈N ∈ Dt,r,k(X). Indeed, first
notice that the propagation of each pn,i is at most r. Moreover, since X is
u.l.f., there is k0 ∈ N so that any E ⊂ X with diam(E) ≤ t intersects at
most k0-many Xn’s. Therefore, pn,iχE 6= 0 for at most k0ℓ-many (n, i)’s. So
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p¯ ∈ Dt,r,k(X) for k = k0ℓ. Notice that k depends only on ℓ and t (i.e., it
depends on neither p¯ not r).
Let t, r, k and δ be positive reals, p¯ ∈ Dt,r,k(X) and q¯ = (qi)i∈N ∈
Dt,r,k(Y ), we write
Yp¯,δ =
⋃
i∈N
Ypi,δ and Xq¯,δ =
⋃
i∈N
Xqi,δ.
Lemma 5.7. In the setting of Assumption 5.2, for all r > 0 and ε > 0,
there is t > 0 so that for all k ∈ N, there is δ > 0 so that
sup
p¯∈Dt,r,k(X)
‖Φ(p¯)χY \Yp¯,δ‖ ≤ ε.
Proof. Let θ = ε/(2+ε). By Lemma 5.3 applied to Φ−1, r and θ, there exists
t > 0 so that for all projections p ∈ C∗(X) and q ∈ C∗(Y ) with propagation
at most r there is E ⊂ X with diam(E) ≤ t so that
‖Φ(pχE)q‖ = ‖Φ
−1(q)pχE‖ ≥ (1− θ)‖Φ
−1(q)p‖ − θ = (1− θ)‖Φ(p)q‖ − θ.
Fix k ∈ N. By Lemma 5.5, pick δ > 0 so that ‖Φ(p)χYp,δ‖
2 ≥ 1− (θ/k)2 for
all p ∈ Proj1,r(X).
Fix p¯ ∈ Dt,r,k(X). For each i ∈ N with pi 6= 0, pi has rank 1; hence so
has Φ(pi). For each i ∈ N, pick a unit vector ξi ∈ ℓ2(Y,H) in the range of
Φ(pi). Then
‖Φ(pi)(1− χYpi,δ)‖
2 = ‖(1− χYpi,δ)ξi‖
2 = ‖ξi‖
2 − ‖χYpi,δξi‖
2
= 1− ‖Φ(pi)χYpi,δ‖
2 ≤ (θ/k)2.
In particular, for all i ∈ N
‖Φ(pi)(1− χYp¯,δ)‖ ≤ ‖Φ(pi)(1 − χYpi,δ)‖ ≤ θ/k.
Let C = Y \ Yp¯,δ and Q be a finite rank projection on H. So q = χC ⊗ Q
is a projection in C∗(Y ) and prop(q) = 0. As prop(p¯) ≤ r, our choice of t
gives E ⊂ Y with diam(E) ≤ t so that
‖Φ(p¯)q‖ ≤
‖Φ(p¯χE)q‖+ θ
1− θ
.
Therefore, as p¯ ∈ Dt,r,k(X), we must have
‖Φ(p¯)q‖ ≤
k · supi∈N ‖Φ(pi)q‖+ θ
1− θ
≤
k · supi∈N ‖Φ(pi)(1− χYp¯,δ)‖+ θ
1− θ
≤
2θ
1− θ
As Q was an arbitrary finite rank projection on H, this shows that
‖Φ(p¯)(1− χYp¯,δ)‖ ≤
2θ
1− θ
≤ ε,
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and we are done. 
We need one more lemma before presenting the proof of Theorem C.
Lemma 5.8. In the setting of Assumption 5.2, for every positive reals δ
and t there exists s > 0 so that for all E ⊂ X with diam(E) ≤ t and all
rank 1 projections p and q in B(ℓ2(E,H)) we have that ∂(Yp,δ, Yq,δ) ≤ s.
Proof. Suppose the lemma fails for δ and t. Without loss of generality,
assume δ ∈ (0, 1). Then there are a sequence of disjoint subsets (En)n of X,
and sequences of rank 1 projections (pn)n and (qn)n so that
1. diam(En) ≤ t for all n ∈ N,
2. pn, qn ∈ B(ℓ2(En,H)) for all n ∈ N, and
3. ∂(Ypn,δ, Yqn,δ) > n for all n ∈ N.
For each n ∈ N, let an ∈ B(ℓ2(En,H)) be a partial isometry so that ana
∗
n =
pn and a
∗
nan = qn.
Let γ > 0 be so that δ = γ(2−γ). As Φ is coarse-like (Theorem 3.4), there
is s > 0 so that Φ(a) is γ/4-s-approximable for all contractions a ∈ C∗(X)
with prop(a) ≤ t. Notice that all operators in each B(ℓ2(En,H)) must
have propagation at most t. Hence, for each n ∈ N pick bn ∈ C
∗(Y ) so
that prop(bn) ≤ s and ‖Φ(an) − bn‖ ≤ γ/4. Since Y has ONL, there are
s′ > 0 and a sequence of subsets (An)n of Y so that diam(An) ≤ s
′ and
‖bnχAn‖ ≥ 1 − γ/2 for all n ∈ N. As prop(bnχAn) ≤ s for all n ∈ N, we
can use that Y has ONL once again in order to obtain a sequence of subsets
(Bn)n of Y so that prop(Bn) ≤ s
′ and ‖χBnbnχAn‖ ≥ 1−3γ/4 for all n ∈ N.
Hence, for all n ∈ N,
‖χBnΦ(an)χAn‖ ≥ ‖χBnbnχAn‖ − ‖Φ(an)− bn‖ > 1− γ.(1)
Hence, as Φ(an) is γ/4-s-approximable for all n ∈ N, this implies that
d(An, Bn) ≤ s for all n ∈ N. Therefore,
diam(An ∪Bn) ≤ s+ 2s
′
for all n ∈ N. As each an is a partial isometry, it follows that
‖Φ(qn)χAn‖ ≥ ‖Φ(anqn)χAn‖ = ‖Φ(ana
∗
nan)χAn‖ = ‖Φ(an)χAn‖ > 1− γ
for all n ∈ N. Similarly, we have that ‖χBnΦ(pn)‖ ≥ 1− γ for all n ∈ N.
Let (ξn)n and (ζn)n be sequences of unit vectors in ℓ2(Y,H) so that, for
all n ∈ N, ξn and ζn belong to the range of Φ(pn) and Φ(qn), respectively.
Given n ∈ N and y 6∈ An, we have that
‖Φ(qn)χ{y}‖
2 = ‖χ{y}ζn‖
2 ≤ ‖ζn‖
2−‖χAnζn‖
2 ≤ 1−‖Φ(qn)χAn‖
2 < γ(2−γ).
As δ = γ(2− γ), this implies that y 6∈ Yqn,δ. As y was an arbitrary element
in X \ An, this shows that Yqn,δ ⊂ An. Analogous arguments applied to
(ξn)n and (Bn)n give us that Ypn,δ ⊂ Bn for all n ∈ N. Therefore, we must
have that
∂(Ypn,δ, Yqn,δ) ≤ s+ 2s
′
for all n ∈ N. This contradicts our choice of (pn)n and (qn)n. 
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5.2. Cartan masas. We now prove Theorem C; even better, we prove a
stronger version of it in Theorem 5.10. Recall, given an orthonormal basis
ξ¯ = (ξn)n of H, we denote by ℓ∞(X, ξ¯) the masa of C
∗(X) consisting of all
operators a ∈ B(ℓ2(X,H)) such that for all x ∈ X there is (λn)n ∈ c0 with
a(δx ⊗ ξn) = λnδx ⊗ ξn for all n ∈ N.
This algebra is a masa in the algebra of those operators in B(ℓ2(X,H)) such
that each entry is locally compact, and therefore it is such in C∗(X).
Definition 5.9. Given metric spaces X and Y , a map Φ: C∗(X)→ C∗(Y )
is strongly coarse-like if for all r > 0 there is s > 0 so that prop(Φ(a)) ≤ s
for all a ∈ C∗(X) with prop(a) ≤ r.
Theorem 5.10. Let X and Y be u.l.f. metric spaces and assume that Y
has property A. If Φ: C∗(X)→ C∗(Y ) is an isomorphism. Let ξ¯ = (ξn) and
ζ¯ = (ζn) be orthonormal bases of H. Then there exists a unitary v ∈ BD(Y )
such that Ad(v) ◦ Φ : C∗(X)→ C∗(Y ) is strongly coarse-like and
Ad(v) ◦Φ(ℓ∞(X, ξ¯)) = ℓ∞(Y, ζ¯).
Proof. By [21, Theorem 4.1], X and Y are coarsely equivalent. Hence X
has property A and, as property A and ONL are equivalent for u.l.f. metric
spaces [19, Theorem 4.1], we conclude that X, Y and Φ satisfy Assumption
5.2.
For n ∈ N, let Pn and Qn be the projection onto span{ξn} and span{ζn},
respectively. For x ∈ X, y ∈ Y and n ∈ N, let px,n = χ{x} ⊗ Pn and
qy,n = χ{y} ⊗Qn. By [21, Lemma 4.6] (or [2, Lemma 3.1]), there is δ > 0 so
that Xqy,1,δ and Ypx,1,δ are nonempty for all x ∈ X and all y ∈ Y ; such δ is
fixed for the remaining of the proof. Hence, we can pick a map f : X → Y
so that f(x) ∈ Ypx,1,δ for all x ∈ X. By the proof of [21, Theorem 4.1], f is
a coarse equivalence.
Let X0 ⊂ X, Y0 ⊂ Y , r0 > 0, (X
x)x∈X0 and (Y
y)y∈Y0 be given as in §2.2
for f , i.e.,
1. f : X0 → Y0 is a bijection,
2. X =
⊔
x∈X0
Xx and Y =
⊔
x∈Y0
Y y,
3. x ∈ Xx and diam(Xx) ≤ r0 for all x ∈ X0, and
4. y ∈ Y y and diam(Y y) ≤ r0 for all all y ∈ Y0.
Let g : X × N→ Y ×N and u = ug : ℓ2(X,H)→ ℓ2(Y,H) be obtained as
in §2.2, i.e., for each x ∈ X0, g restricts to a bijection X
x × N→ Y f(x) × N
and
uδx ⊗ ξn = δg1(x,n) ⊗ ζg2(x,n)
for all (x, n) ∈ X × N. Therefore, the discussion in §2.2 implies that Ψ =
Ad(u) : C∗(X)→ C∗(Y ) is a strongly coarse-like isomorphism.
By [21, Lemma 3.1], we can pick a unitary w : ℓ2(X,H) → ℓ2(Y,H) so
that Φ = Ad(w). Let v = uw∗, so Ad(v) ◦ Φ = Ψ. Therefore, as noticed
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above, Ad(v) ◦ Φ: C∗(X) → C∗(Y ) is strongly coarse-like. Moreover, it is
clear from the definition of u that
Ad(v) ◦Φ
(
ℓ∞
(
X, c0(ξ¯)
))
⊂ ℓ∞
(
Y, c0(ζ¯)
)
.
Therefore, in order to conclude the proof, we only need to notice that v ∈
BD(Y ). For that, we now use the technical results proven in §5.1.
Claim 5.11. For all δ′ ∈ (0, δ], there is r > 0 so that for all y ∈ Y and all
rank 1 projections q ∈ B(ℓ2({y},H)) we have YΨ−1(q),δ′ ⊂ Br(y).
Proof. Fix δ′ ∈ (0, δ]. Let s > 0 be given by Lemma 5.8 applied to Φ, δ′ and
r0. Lemma 5.4 gives k > 0 so that diam(Yp,δ′) ≤ k for all p ∈ Proj1,r0(X).
Fix y ∈ Y and a rank 1 projection q ∈ B(ℓ2({y},H)). Let y
′ ∈ Y0 and
x′ ∈ X0 be so that y ∈ Y
y′ and y′ = f(x′). Since g : X × N → Y × N
restricts to a bijection Xx
′
× N → Y y
′
× N, the definition of Ψ clearly
implies that Ψ−1(q) ∈ B(ℓ2(X
x′ ,H)). Hence, as px′,1 ∈ B(ℓ2(X
x′ ,H)),
diam(Xx
′
) ≤ r0, our choice of s implies that ∂(YΨ−1(q),δ′ , Ypx′,1,δ′) ≤ s. By
the defining property of f : X → Y , we have that y′ = f(x′) ∈ Ypx′,1,δ. As
δ′ ≤ δ, y′ ∈ Ypx′,1,δ′ . Therefore, as diam(Y
y′) ≤ r0 we have ∂(y, y
′) ≤ r0,
and our choices of ℓ and k imply that
YΨ−1(q),δ′ ⊂ Br0+s+2k(y)
The claim then follows by letting r = r0 + s+ 2k. 
We now show that v = uw∗ belongs to BD(Y ). By [22, Theorem 3.3], as
Y has property A, it is enough to show that v is quasi-local.2 Fix ε > 0. Let
t > 0 be given by Lemma 5.7 for ε, r0 and Φ. Then, for all k ∈ N there is
δ′ ∈ (0, δ] so that
‖Φ(p¯)χY \Yp¯,δ′‖ ≤ ε(2)
for all p¯ = (pi)i∈N ∈ Dt,r0,k(X).
Before finishing the proof, we introduce some notation: given C ⊂ Y
and a sequence of projections (Qy)y∈C on H of rank at most 1, we write
qy = χ{y} ⊗Qy for each y ∈ C.
3 Let
XC =
{
x ∈ X | ∃x′ ∈ X0 with x ∈ X
x′ and C ∩ Y f(x
′) 6= ∅
}
.
By the definition of Ψ, it follows that Ψ−1(qy) ∈ B(ℓ2(X
x′ ,H)) for all y′ ∈ Y0
with y ∈ Y y
′
and x′ = f−1(y′). Remark 5.6 then implies that there is
k > 0 so that Ψ−1(q¯) = (Ψ−1(qy))y∈C ∈ Dt,r0,k(XC). Moreover, as noticed
in Remark 5.6, k depends only on t and supy∈Y0 |Y
y| (i.e., it depends on
neither C nor (Qy)y∈C). Fix such k.
2An operator a ∈ B(ℓ2(Y,H)) is quasi-local if for all ε > 0 there is r > 0 so that
∂(A,B) > r implies ‖χAaχB‖ < ε for all A,B ⊂ Y .
3Notice that qy and Qy (for y ∈ C) are distinct from qy,n and Qn (for n ∈ N). We
believe that, since the indices are different, this abuse of notation will cause no confusion.
28 B. M. BRAGA AND A. VIGNATI
By the defining property of t, pick δ′ ∈ (0, δ] so that (2) holds for k.
Claim 5.11 gives r > 0 so that YΨ−1(q),δ′ ⊂ Br(y) for all y ∈ Y and all
rank 1 projections q ∈ B(ℓ2({y},H)). Therefore, if C ⊂ Y and (Qy)y∈C is a
sequence of projections on H of rank at most 1, it follows that
YΨ−1(q¯),δ =
⋃
y∈C
YΨ−1(qy),δ ⊂ Br(C).
Fix C ⊂ Y , (Qy)y∈C and (qy)y∈C as above. Then the previous inequalities
give that
‖Φ(Ψ−1(q¯))χY \Br(C)‖ ≤ ε.
As Ψ−1 = Ad(u∗) and Φ = Ad(w), this implies that
‖q¯vχY \Br(C)‖ = ‖q¯uw
∗χY \Br(C)‖ = ‖wu
∗q¯uw∗χY \Br(C)‖ ≤ ε.
The arbitrariness of q¯ = (qy)y∈C (i.e., the arbitrariness of C ⊂ Y and
(Qy)y∈C) gives that ‖χCvχY \Br(C)‖ ≤ ε for all C ⊂ Y .
Let A,B ⊂ Y be so that d(A,B) > r. Then
‖χAvχB‖ ≤ ‖χA∩Y ′vχY \Br(A)‖ ≤ ε
As ε was arbitrary, this shows that v is quasi-local, so we are done. 
We are ready to prove Theorem B, which we restate for convenience.
Theorem 5.12. Let (X, d) be a u.l.f. metric space with property A. The
canonical homomorphism
Coa(X)→ Out(C∗(X))
described in §2.2 is an isomorphism.
Proof. Let T : Coa(X)→ Out(C∗(X)) be the injective homomorphism con-
structed in §2.2. Fix Φ ∈ Aut(C∗(X)). Let v ∈ BD(X) be given by The-
orem C for Φ. Moreover, let f : X → X, u : ℓ2(X,H) → ℓ2(X,H) and
w : ℓ2(X,H) → ℓ2(X,H) be as in the proof of Theorem C for X = Y and
ξ¯ = ζ¯. Hence, Φ = Ad(w), v = uw∗. Notice that T (f) = [Ad(u)] when the
latter is computed in Out(C∗(X)).
We are left to show that T (f) = [Φ], which is, that Ad(u) ◦ Φ−1 ∈
Inn(BD(X)). But this follows since
Ad(u) ◦Φ−1 = Ad(u) ◦ Ad(w∗) = Ad(v)
and v ∈ BD(X). 
6. Applications
In this section, we use Theorem A and Theorem B in order to compute
— or at least better understand — Out(C∗u(X)) and Out(C
∗(X)) for some
specific spacesX. In §6.1, §6.2 and §6.3, we apply our results to {n2 | n ∈ N},
Nn, and Zn, while in §6.4 and §6.5, we work with the solvable Baumslag-
Solitar groups B(1, n) and of the lamplighter F ≀Z, for a finite group F . For
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shortness, we skip some definitions in these subsections and refer the reader
to an appropriate source.
6.1. Outer automorphisms of the (uniform) Roe algebra of {n2 |
n ∈ N}. Denote the group of permutations on N by S∞. Let ∼0 be the
equivalent relation on S∞ given by π ∼0 π
′ if there is n0 ∈ N so that
π(n) = π′(n) for all n ≥ n0. Clearly, N = {π ∈ S∞ | π ∼0 IdN} is a normal
subgroup of S∞, so S∞/∼0 = S∞/N is a group.
Corollary 6.1. Let X = {n2 | n ∈ N}. Then BijCoa(X) is isomorphic to
S∞/∼0. In particular, Out(C
∗
u(X)) is isomorphic to S∞/∼0.
Proof. Clearly, a map f : X → X is a bijective coarse equivalence if and
only if f is a bijection. So the group of bijective coarse equivalences of X
is isomorphic to S∞. Moreover, maps f, g : X → X are close if and only if
they eventually coincide, i.e., there is n0 ∈ N so that f(n
2) = g(n2) for all
n > n0. The result now follows. 
Denote the group of cofinite partial bijections on N by S∗∞, i.e.,
S∗∞ =
{
(π,A,B) ∈ NN × P(N)× P(N) ||A∁|, |B∁| <∞ and
π ↾ A : A→ B is a bijection
}
.
By a slight abuse of notation, we denote by ∼0 the equivalence relation on
S∗∞ given by (π,A,B) ∼0 (π
′, A′, B′) if there is n0 ∈ N so that π(n) = π
′(n)
for all n ≥ n0.
Corollary 6.2. Let X = {n2 | n ∈ N}. Then Coa(X)/ ∼ is isomorphic to
S∗∞/ ∼0. In particular, Out(C
∗(X)) is isomorphic to S∗∞/ ∼0.
Proof. Clearly, a map f : X → X is a coarse equivalence if and only if f
there are cofinite A,B ⊂ N so that f ↾ A : A→ B is a bijection. Moreover,
maps f, g : X → X are close if and only if they eventually coincide so the
result follows. 
6.2. Outer automorphisms of the uniform Roe algebra of N and Z.
Corollary 6.3. The group BijCoa(N) is trivial and BijCoa(Z) is isomorphic
to Z2. In particular, Out(C
∗
u(N)) is trivial and Out(C
∗
u(Z)) is isomorphic
to Z2.
Proof. Fix a bijective coarse equivalence f : N → N, and let us notice that
f is close to the identity IdN. Suppose this is not the case. Then there is
a sequence (xn)n in N so that |f(xn) − xn| > n for all n ∈ N. Without
loss of generality, we can assume that (xn)n is strictly increasing. Moreover,
replacing f by f−1 if necessary, we can also assume that f(xn) + n < xn
for all n ∈ N. For each n ∈ N, let zn = max{z ∈ N | f
−1(z) ≤ xn}. As
f is a bijection and f(xn) + n < xn, it follows that zn − f(xn) > n for all
n ∈ N. As f−1 is expanding, it follows that limn(f
−1(zn + 1) − xn) = ∞.
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So, as f−1(zn) ≤ xn, we have that limn(f
−1(zn + 1)− f
−1(zn)) = ∞. This
contradicts coarseness of f−1. This shows that BijCoa(N) is the trivial
group.
Now fix a bijective coarse equivalence f : Z→ Z. So either limn→∞ f(n) =
∞ or limn→∞ f(n) = −∞. Assume that limn→∞ f(n) = ∞ and let x0 =
min(f(N)).
Claim 6.4. There are bijective coarse equivalences h1 : N→ N and h2 : Z \
N→ Z \ N so that f is close to the bijection h1 ∪ h2 : Z→ Z.
Proof. Notice that f is close to g = f −x0 and that g(N) is a cofinite subset
of N, say n0 = |N \ g(N)|. Pick bijections
i : {−n0, . . . ,−1} → N \ g(N)
and
j : g−1(N \ g(N))→ g({−n0, . . . ,−1}),
and notice that g is close to
h(x) =


g(x), x ∈ N,
i(x), x ∈ {−n0, . . . ,−1},
j(x), x ∈ g−1(N \ g(N)),
For each x ∈ Z, let h0(x) = h(x − n0) and let h1 =↾ N and h2 = h ↾ Z \ N.
Since h is close to h0, the result follows. 
Let h1 and h2 be given by the claim above. As BijCoa(N) is the trivial
group, it follows that h1 is close to IdN and h2 is close to IdZ\N . So f is
close to IdZ.
If limn→∞ f(n) = −∞, then proceeding analogously as above, we obtain
bijective coarse equivalences h1 : N→ Z \ N and h2 : Z× N→ N so that
1. h1 is close to the map x ∈ N→ −x− 1 ∈ Z \ N,
2. h2 is close to the map x ∈ Z \N→ −x− 1 ∈ N, and
3. f is close to h1 ∪ h2.
As h1 ∪ h2 is close to −IdZ, so is f .
We have then shown that BijCoa(Z) is isomorphic to {−IdZ, IdZ}. This
completes the proof.
The last statement follows from the above the Theorem A. 
6.3. Outer automorphisms of the Roe algebra of Zn. Recall, given
metric spaces (X, d) and (Y, ∂), a map f : X → Y is a coarse Lipschitz
equivalence4 if it is cobounded and there is L > 0 so that
L−1d(x, y)− L ≤ ∂(f(x), f(y)) ≤ Ld(x, y) + L
for all x, y ∈ X. Define
CoaLip(X) =
{
f : X → X | f is a coarse Lipschitz equivalence
}
/∼,
4Coarse Lipschitz equivalences are also referred to as quasi-isometries in the literature.
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where ∼ is the closeness relation on functions X → X. Clearly, CoaLip(X)
is a group under composition, i.e., [f ] ◦ [g] = [f ◦ g].
Given n ∈ N, the inclusion Zn →֒ Rn is a coarse equivalence (coarse Lip-
schitz equivalence even), therefore, Coa(Zn) ∼= Coa(Rn). Moreover, notice
that a map R→ R is coarse if and only if it is coarse Lipschitz [15, Theorem
1.4.13]. Therefore, we have that
Coa(Zn) ∼= CoaLip(Rn).
As a consequence of that, results in the literature give us the next corollaries
of Theorem B. We denote by PLδ(Z) the group of piecewise linear homeo-
morphisms f : R→ R so that {|f ′(x)| | x ∈ R} ⊂ [M−1,M ] for someM > 0.
Modding out by the closeness relation, we obtain the group PLδ(Z)/ ∼.
Corollary 6.5. The group Out(C∗(Z)) has trivial center. Moreover, Out(C∗(Z))
is isomorphic to PLδ(Z)/∼.
Proof. This follows immediately from Theorem B, the discussion preceding
the corollary, [8, Theorem 1.1], and [20, Theorem 1.2]. 
Corollary 6.6. The group Out(C∗(Z)) contains isomorphic copies of the
following groups:
1. PLκ(R), the group of piecewise linear homeomorphisms f : R→ R so
that {x ∈ R | f(x) 6= x} is compact,
2. Thompson’s group F ,5 and
3. the free group of rank the continuum.
Proof. This follows immediately from Theorem B, the discussion above and
[20, Theorem 1.3]. 
Recall, given a metric space (X, d), a map f : X → X is a biLipschitz
equivalence if there is L > 0 so that
L−1d(x, y) ≤ d(f(x), f(y)) ≤ Ld(x, y)
for all x, y ∈ X. We let
BiLip(X) =
{
f : X → X | f is a bilipschitz equivalence
}
.
So BiLip(X) is a group under composition (notice that we do not mod out
the biLipschitz equivalences by closeness).
Corollary 6.7. Given n ∈ N, the group Out(C∗(Zn)) contains isomorphic
copies of the following groups:
1. BiLip(Sn−1), where S = {z ∈ C | |z| = 1}, and
2. BiLip(Dn,Sn−1).
Proof. This follows immediately from Theorem B, the discussion above and
[14, Theorem 1.1]. 
5We refer the reader to [7, Section 1] for the definition of Thompson’s group F .
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6.4. Solvable Baumslag-Solitar groups. Given n ∈ N, Qn denotes the
n-adic rationals and B(1, n) denotes the solvable Baumslag-Solitar group,
i.e., the group generated by elements a and b subjected to the relation
aba−1 = bn. We endow B(1, n) with the metric given by its Cayley graph
structure (see [15, Definition 1.2.7] for definitions).
Corollary 6.8. Given n ∈ N, the group Out(C∗(B(1, n))) is isomorphic to
BiLip(R)× BiLip(Qn).
Proof. Since B(1, n) is solvable, it is amenable. Therefore, as B(1, n) is
finitely generated, it must also have property A [15, Theorem 4.14]. By
Theorem B, we only need to compute Coa(B(1, n)). As B(1, n) is a finitely
generated group, we have that Coa(B(1, n)) = CoaLip(B(1, n)) [15, Corol-
lary 1.4.15]. The result then follows since it is known that CoaLip(B(1, n))
is isomorphic to BiLip(R)× BiLip(Qn) [11, Theorem 8.1] 
6.5. The lamplighter F ≀Z. Given a group F , we denote the wreath prod-
uct of F and Z by F ≀ Z (we refer the reader to [15, Definition 2.6.2] for
a precise definition). This group is commonly called the lamplighter group
F ≀Z and we endow F ≀Z with the metric given by its Cayley graph structure
[15, Definition 1.2.7].
Consider the semidirect product (BiLip(Qn)× BiLip(Qn))⋊ Z2 given by
the action of Z2 on BiLip(Qn)× BiLip(Qn) of switching factors.
6
Corollary 6.9. Let F be a group with |F | = n. Then the group Aut(C∗(F ≀
Z))/Inn(BD(F ≀ Z)) is isomorphic to(
BiLip(Qn)× BiLip(Qn)
)
⋊ Z2
Proof. Since F and Z are finitely generated, so is F ≀ Z [15, Chapter 2,
Exercise 2.5]. The lamplighter F ≀Z is amenable [24, Corollary 2.5], and since
it is finitely generated, it has property A [15, Theorem 4.14]. Therefore, we
only need to compute Coa(F ≀Z) (Theorem B). As F ≀Z is finitely generated,
we have that Coa(F ≀ Z) = CoaLip(F ≀ Z) [15, Theorem 1.4.13]. Moreover,
F ≀ Z is quasi-isometric to the Diestel-Leader graph D(n, n) (we refer to [9,
Section 1] for both the definition of DL(n, n) and this fact), so it is enough
to compute CoaLip(DL(n, n)). The result then follows since it is known
that CoaLip(DL(n, n)) is isomorphic to (BiLip(Qn) × BiLip(Qn)) ⋊ Z2 [9,
Theorem 2.1] (see the discussion at the end of [9, Section 2]). 
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6Recall, if N and H are groups and α : H y N is an action, then N ⋊H denotes the
semidirect product, i.e., i.e., the set N × H endowed with the product (n, h) · (n′, h′) =
(nα(h)n′, hh′).
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